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Generation and nonlinear dynamics of X waves of the Schrdodinger equation
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The generation of finite-energy packets of X waves is analyzed in normally dispersive cubic media by using
an X-wave expansion. The three-dimensional nonlinear Schrédinger model is reduced to a one-dimensional
equation with anomalous dispersion. Pulse splitting and beam replenishment as observed in experiments with
water and Kerr media are explained in terms of a higher-order breathing soliton. The results presented also hold
in periodic media and Bose-condensed gases.
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[. INTRODUCTION points out the robustness of X waves with respect to the
numerous nontrivial effects that may take place(3#1)D

X waves, originally introduced by Lu and Greenleaf in \,hjinear processes. On the contrary, self-trapped light bul-
acousticy1,2], can be simply described as a nonmonochroqeg \which do not exist in the absence of a nonlinear re-

matic superposition of plane waves with the same wave Ve%ponse, are extremely sensitive to the specific model.
tor component along a given direction of propagation. They e dynamics seems strongly connected to pulse split-
rgsulting pulse.d bea.m can tra_vel undistorted without githe{ing during self-focusing in normally dispersive media, as
d|ffract|pn or dispersion, even in the absence qf a ”Onl'”eaBriginally predicted in 199236,37 and later investigated by
self-actlor_l. Such X packets have been th_e SUbJe.Ct of iNtensgerq| authorg38-453. Experimental investigation of split-
research in several fields, as recently reviewe{Birb|. ting and replenishment has been reporte 4.

The first experimental evidence of X-wave formation dur- o generation of X waves may also be taken as the basis

ing nonlinear optical processes was reported@n Subse- o the interpretation of the conical emission observed during
quently, X-related results have appeared#al(, including e propagation of powerful ultrashort laser pulses in air or
a theoretical analysis and discussion of the generation a'Water[34 47-49.

existence of this class of spatially and temporally localized |, this paper a preliminary settlement of X-wave nonlin-

waves in nonlinear medigl1]. ear dynamics is attempted. While the forthcoming theory is

The above-mentioned experimental and theoretical resultgeyeloped with reference to nonlinear optics, as outlined in
have stimulated further investigations on the role of X wave 32] it applies to Bose-Einstein condensati@e., to “matter

in nonlinear processes, as well as their description in term waves’), as well. The central idea is that, if these wave

of linear waves with a convenient envelope approacthscyets can be considered somehow as “modes of free
[12—23 and their extension to quantized fielg4]. Within space,” with a given direction of propagatianthen their

the active field of optical self-invariant pulsed beatsse ,qnjinear evolution is essentially two dimensional, involving
among other$25-31), it was recognized that X waves may , anq time. Thus, under certain conditions, the problem can

play a fundamental role in all the nonlinear processes enconyse reformulated and strongly simplified by adopting the
passing spatiotemporal mechanics, well beyond the realm Qfa(i-known approach of guided wave nonlinear optics.
quadratic frequency mixing where they had been originally - once an appropriate X-wave expansion is determined, it
opserved. X waves have been also predicted in periodic mez ¢ straightforward to write down “coupled X-wave equa-
dia and Bose-condensed ga$eg]. _ tions,” in analogy with coupled mode equations, for the
X or progressive undistorted wavés focusing or defo-  ingie reason that these spatiotemporal beams are not nor-
cusing Kerr media can be associated to the '”Sta!b"'t_y Ohalizable. The first step is then to build finite-energy solu-
wide beams propagating in the presence of a refractive indeéy,ns and then use the resulting superposition of X waves to
linearly dependent on intensith33]. This effect has also j,estigate nonlinear dynamics. Sections | and Il cover the
been investigated in quadratically nonlinear mejd@,24. early stages of this approach. In Sec. Il nonlinear regimes
Very recently light filamentation with femtoseconds 4re aqdressed via a perturbative expansion. This is made le-
pulses in watef34] was explained by the “nonlinear X-wave gitimate py the fact that progressive undistorted waves do
paradigm” [35]. The authors pointed out that these Spa-gyist in the absence of nonlinearity. The analysis clarifies in
tiotemporal packets can be highly dynamic; i.e., they arg pich sense X waves are robust and may constitute a “para-
continuously generated, undergoing splitting and replenishgjgm» for nonlinear 3D+1 dynamics. In Sec. IV, | consider
ment with an “average” invariant propagation. Such a picturgne highly nonlinear regime. This is possible while limiting
to a specific X wave. If the wave packet is spontaneously
generated during a nonlinear proce®sg., from a bell-
*Electronic address: c.conti@ele.uniroma3.it; URL: http:// shaped pulsed begnthe resulting picture—for example, the
optow.ele.uniromag3.it emergence of breathing solutions—provides a relevant in-
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sight for interpreting reported numerical and experimental k,

findings. The last sections deal with some corollaries: com- "'-.,}If\

pression and chirp of X waves and the relation with the in- v,
tegrable one-dimensionélD) nonlinear SchrodinggiNLS) K

equation. The appearance of an integrable model, enforcing

the use of categories such as “breathers,” and its effective- ), o

ness in interpreting experimental and numerical investiga- B/x”

tions, points to an intriguing connection between nonlinear X

waves and solitons. FIG. 1. Sketch of spatiotemporal spectra of “slash” and “back-

) slash” X waves.
II. X WAVES FOR THE 3D+1 SCHRODINGER EQUATION

The wave equatioiat angular carrier frequenay,) de-  the shape of their spatiotemporal frequency content, as dis-
scribing paraxial propagation in normally dispersive mediacussed belowsee Fig. 1

at the lowest order of approximation, can be cast as A general linear X-wave solutiofb1], traveling with in-
verse differential velocitys, is given by
k”
2

1
i9,A+ik oA+ Vi A~

oK &TTA =0, (1)

A= e B2yt~ gz B+ i(t- Bzr,B)],  (8)

where k=wgn(wg)/c and its derivatives provide the disper- which can be rewritten as
sion. In a reference system traveling at the group velocity of

the mediumt=T-K'z, it is Ay = -i<,8/k”)t+i(ﬁ2/2k”)z[¢/(t_ Bz1) +¢\(t-Bzn)],  (9)
. 1, K" .
i0A+ 2 VA= aA=0. (2)  Wwith
For the sake of simplicity hereafter | will consider radially ox(7,r) :J eii“TJO(\"W(ar)fx(a)da. (10)
symmetric beams, with=+X?+Y?2, 0

Progressive undistorted waves, propagating with inverse .
differential velocity 8 [50], can be retrieved by looking for The “X” stands for either / or \, angy corresponds to X
solutions of the formA=y(t-pBz,r)expik,2), thus (r=t  waves of the Helmholtz equatid#].
-B2) The spatiotemporal spectrum A§(r,t,2z) is given by the
Fourier-Bessel transform pair

1" 2

k= B S s =0, (3) 1 ("

2 2K BIAlk,02)= 5~ f f A(r 1,2)39(K, r)expliot)rdrdt,

If  is written as a superposition of monochromatic Bessel Tl Jo
beams Jo(VkK'ar)exp(-iw 7), with « in frequency units, the

corresponding spatiotemporal dispersion relation is

k// kua,2
—kz—,Ba)+E(1)2: T (4) (11)

A(r,t,2) = fw jm BlA](k,,w,2)J9(k r)exp(—iwt)k  dk, dw,
-0 J0

Ir_1 order to have a_qontinuous spec_trum alenghe left-hand it is centered at the shifted central frequengik’, deter-
side must be positive, thus ensuring the absence of evanesjined by the velocity

cent waves. This can be achieved, in the simplest way, by

. - 2 " . . o
letting k,=—82/2k”, which gives BIA] = 1 f/( k; ) (w_ k; B )ei(ﬁz,zwﬁ K Rz
ﬁ 2 5 kJ_ \ K’k \Jr K’k K’
w- W =a°. (5)
+ if\< k;)&(aw k% _ ﬁ)ei(ﬁz/zw—ﬁ kl/\s’ﬂ)z’
Equation(5) implies the existence of two types of X waves: kK, \VK'k vK'k K’
o (12
(71, B) =f g (B +”‘)TJ0(VW(ar)f/(a)da (6)
0 and it looks like an X in the angle-frequency plane. The two

terms in Eq(12) correspond to slash and backslash X waves,
as shown in Fig. 1. Since the pulsed beam travels ridiidly
R — modulug, an X-shaped spectrum determines the X shape in
l/f\(ﬂf’ﬁ):f e I (VK'kan)fi(@)da,  (7) the (r,t) space(roughly, the far field—i.e., the Fourier-
0 Bessel transform—resembles the near jield
with the corresponding “spectrdj(«) and f\(«). They will The following relation holds useful for anyyy(t
be denoted as “slash” and “backslash” X waves, because ofBz,r, B):

and
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1, K 2 B —
Lipy=\i0,+ - Viy= 5 |x==Zx. (13 X(a,B) = X[Art,z=0)](a,f) =ka S a+ — kK a].

2k 2 2K" K"

Therefore an X wave can also be defined as a solution of (19

Eq. (2) of the typeAy=C(z, B) (t—Bz,r) with An equivalent representation is obtained by backslash X
iC B waves, replacing the equation fes in Eqg. (16) with
iE - %C =0, (14) =-a+pB/kK’ and being

a formulation that will become handy below. Xi(a, B) = X[A(r,t,z=0)](a,8) =k « S(— at %\'Wa).

Such a solution contains, in general, an infinite energy. K
This is due to the idealized situatignever available in ex- (20

periment$ of a precisely defined velocitgor inverse differ- .
ential velocity 8). Any finiteness introduced by the experi- '€ variable changel6) corresponds to span the,k,)
mental setup, such as the spatial extension of the samplgPace by obliquéslash parallel lines in Eq(15). )
will in general fade the spectrum line shape around the X, Eduation(18)is a formulation of the “X-wave transform,
determining uncertainty ig. | will show below that this can first introduced in[53] and indicated by{Al(«, 8). Hence
be described by a packet of X waves, with velocities aroundh€ Spatiotemporal evolution, including diffraction and dis-
a given value and finite energy. Considering an X wave withP€rsion, can be represented by one-dimensional propagation
a specific velocity is thus as idealized as considering an eff packets with different velocities.
ementary particle of given momentu2). The energy of the pulsed beam is

Before proceeding further | emphasize that entire more w (o %
general classes of X waves can be generated as discussed in &= 277f J |A(r,t,2)[?r dr dt:f EgB)dB, (21
[17] or, for instance, by taking,=-8%/2k"-? in Eq. (3). 0 J-w -
However, the case consideréd=0) suffices to represent a
wide class of beams, as will be shown in the next section.

with

00 2 2
SB(B) EJ A |X/(a,,8)| da

0 ka ' (22)

Ill. X-WAVE EXPANSION AND FINITE-ENERGY

SOLUTIONS showing that; can be taken as the energy distribution func-

The general solution of Eq2) can be expressed by the tion with respect to the inverse differential velocjsy

Fourier-Bessel spectrum of the field a£0, denoted by Summarizing, an arbitrary beam can be expanded in a
S(w,k,)=B[A]l(w,k, ,0): superposition of X waves traveling with different velocities.
" Conversely, such a superposition can be used to construct
_ i (k,z-ot) new classes of physically realizable finite-energy X waves.
Alr.zY) fo f_w Sk )k, r)e k,dk, do, To this extent, orthogonal X waves—first introduced 4]

for the wave equation—are a fruitful approacbee also
(15 [32]). With reference to two(either slash or backslagh
with k,=—k? /2k+K'w?/2. X-wave solutions of Eq(2), denoted byAyx and By, with
By a simple variable change, the field can be written as dhverse differential velocitie@ and 8" and spectrd andg,
superposition of slash X waves, traveling with different ve-respectively, the inner product can be defined as the integral

locities. Letting of B;Ax with respect tak,y,t, extended on the whole space:
w=at 5, (By|Ax) = f f f B;(Ax dxdydt
i _ (7 A7*g(a)* f(a)
k, =VkKa (16) =3B-pB )fo Tda. (23
gives

) If f:fplgnc(jng:fq by definling(p,_q|:0,1,2,.. andL” is the
. " eneralize aguerre polynomjal
A(r,zt) = J e B2y (t - Bz 1, B)dB, (17) g g polynomy

i —K o -Aa
while being fpl) = 2(p+ 1)Lp (2A@)Aae™, (24)

0 I _ , with A a parameter with the dimension of tinig5], it is
W(t-Bzr,B) = J X/(a, B)Io(Vk K'ar)e (@A g
0

“f(a)f k
f Mda:_apq (25)
(18) 0 @ 47
and and the orthogonality conditiofA,=By and A;=Ay) holds:
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<Aq(r,t,Z,B)|Ap(r,t,Z,ﬂ,)>: 5pq6(ﬂ_ﬁl)- (26)

In the following the fundamental slash X wavayith
spectrum

s”i
fol@) = —Aa exp- Aa)
ar

(27)

and spatial profile

(P}O) :f fo(a)JO(\f’Wa/)e_dea
0
-
vk A
=" ; kkurZ 3/2 (28)
-] e

will be taken as a prototype of the simplest X wave with

finite power (i.e., converging transverse integral I@‘fo)|2;

see alsq19)). Its intensity profile can be found, e.g.,[i82].
WhenX(a, B)=C(B)f (a), it is £5=|C(B)|* and

&= f IC(B)dB. (29)

PHYSICAL REVIEW E 70, 046613(2004)

eral solution of Eq(2) by orthogonal X waveseither / or ).
This has been used {i24] as an approach to field quantiza-
tion and applied to quantum optical parametric amplification.

IV. GENERAL PROPERTIES OF X WAVES PROPAGATING
IN THE NONLINEAR REGIME

Since X waves exist even in the absence of a nonlinear
susceptibility, it is legitimate to resort to a perturbative ap-
proach. A basic model for nonlinear optical interactigus-
der standard approximationsan be cast in the form

. 1 ) K"
|0ZA+ Z(VX)/A\_ EattA:XPNL(Zatar)a (35)

wherePy (z,t,r) is a nonlinear source, weighed Ky After

a straightforward expansion éfin powers ofy, the relevant
equation is Eq(35) at any order, where the right-hand side
(RHS) stems from the solutions at lower orders. | will show
below that if yPy.(z,t,r)=P(t-Bz,r), the evolution accord-
ing to Eq.(35) always provides a spatiotemporal spectrum

corresponding to a progressive undistorted wave. Thus, if an
X wave is taken as the solution of the linear moget0),

The resulting beam is a finite-energy X wave that spread¢he nonlinearity has the role of “dressing” that solution,

according to a prescribed velocity distribution functiog);
this corresponds to the existence of solutions with an arbi
trary “depth of focus.”

This kind of wave packet can be written, with reference to
slash X waves, as

A (30)

f C(B2Y (1.t - Bz B)dB
(with obvious notatiol while being, as above,
(31)

By introducing the Fourier transform pair &f(3),

[

=| C(B2e g,
o] (B.2) B

c(s,z) =

1 * H I
C(B.2) = T f c(s)e” s, (32
VK’ J

with s in time units(s can be roughly kept in mind as the
on-axis temporal variablg, it is from Eqg.(31)
e K e

12t 2270 (33

which still continues to exist. Since this result is valid at any
order, it furnishes a general picture of the propagation of
self-invariant beams in the nonlinear regime.

For an X wave propagating in a nonlinear medigPcan
be interpreted as a function of its field and of its complex
conjugate. In the case of harmonic generati®his some
power of the pump beam, traveling at the group velocity of
the fundamental frequeng$5]. What follows can be viewed
as a generalization of what is discussed[1®], with the
inclusion of second-order dispersion and for a wide class of
nonlinear processessuch as third- and higher-harmonics
generation

In a Kerr medium, with a refractive index=ngy+n,l, with
I=|A|? the optical intensity, Eq(35) becomes

K’ kn,

R
19,A + E(nyA— E&ttA"' n—O|A =0. (36)

For the solution at the lowest ordéamn,=0), it is possible to
take either an X-wave packé aroundg or a wide pulsed

beam with negligible diffractiorfwith 8=0). Higher orders
are obtained in the fornB5): at the first the RHS is propor-
tional to AZA;. As a result of the following analysis, the
correction toAy is still a progressive undistorted wave trav-
eling at the same velocity. Since this can be applied at any
order, linearly self-invariant beams are very robust with re-

Hence 3D linear propagation of an X-wave packet in a norspect to the nonlinearity.
mally dispersive medium can be reduced to that of a 1D By writing A, as a superposition of slash X waves,

pulse with anomalous dispersion. The energy is
E= wa lc(9)|?ds. (34)

As discussed ii32], by expandingX(«, 8) into general-

A f ,f C(alyBlyZ)Jo(\*"malr)e_i(afrﬁl/k”)(t_ﬁlz)dal dB1,
0 —00

(37

ized Laguerre polynomials it is possible to express the genand inserting into Eq(35), one obtains
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2B/K”

FIG. 2. Sketch of the generated spatiotemporal spec{sym-
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The asymptotes over which energy is concentrated corre-
spond to slash and backslash X waves. Thus, in any nonlin-
ear process which can be reduced to %), X-wave pack-
ets are spontaneously generated. | like to stress that one of

the arms always starts at=0, while, in the casg=0, Eq.
(43) yields the exact X-shaped spectrum. The specific fea-
tures will in general depend on the source spectrum, as elu-
cidated below with an example.

Note also that the same analysis holds true, with simple

changes, wheyPy (z,t,r)=P(t- Bz, r)exp(ik_zz_), withE de-
pending on the specific nonlinear procésg. k, is the wave
vector mismatch for optical harmonics generafjatetailed

metrized fork, <0) when 8>0. The straight lines are slash and 55es will be reported elsewhere.

backslash spectra.

* * (?C Bz ,’_, i + M ($—
J#LOE‘%QM«M@NMM“mmmm

=P(t-pzr).

Taking the Fourier-Bessel transform of E§8), multiplying
it by 27rdo(k r)expliowt) and integrating over andt, one
finds

(38)

aC B . o
i— - c= X/[P](a’,ﬁ)e'(mﬂ/k )(B—ﬁ)z,

dz  2K' 39
where Eqs(16) apply, and
X[Pl(a,B) = kaB[P](a + 5, \”Wa) . (40

Equation(39) can be readily integrated with the boundary

conditionC=0 atz=0:
Cla,B,2) = —i X/[p]yei[(a+B/k”)(E—B)-ﬁ2/4k"12, (41)
with

U (aiBlgop s B
g—ZKa+W%ﬂ m+2w] (42

Equation(41) can be interpreted in théw,k,), or (a,B),

A. Energy of the generated X wave

The energy distribution function is, after E@2),

_ (" 47C(a. B2
E'B(B) = fo ket da

_ F 477 X[P]%(a, B) Sin(%z)zda. )
0 ka g
As 72— o,
; 2
sm(%z) _27-rz M-, (45)
9 18- B
with
a=BB-28 (46)
2K'(B-P)

Hence for largez

8m°Kaz
Eg=——

2
Oo(a),  (47)
18- Al

B[P]<Z+ kﬁ \WE>

planes and shows that, for large propagation distanCes, With 6o the unit step function.

tends to a Dira@ centered agj=0: the propagation acts as a

The generated X-wave packet grows with a linear effi-

spatiotemporal filter, selecting specific combinations of fre-Ci€ncy with respect to the propagation distance. In the case

quencies and wave vectors.
The conditiong=0, in the(w,k,) plane, is

¢, Bf 7
¢, 2|

2 k') 2k 2K (43)

B#0, from the conditiona>0 in Eq. (47) it appears that
energy is distributed in the intervals<0 and B<pB<2p8

when >0 and inB<B<0 and <28 when 8<0. This
implies that€; does not have a continuous supp@ee the

example in Fig. 3, discussed belpwor large| |, with suf-

which gives a hyperbola, as sketched in Fig. 2. It is apparerficiently separated domains alogj this is expected to pro-
that Eq.(43) is the dispersion relation corresponding to Eq.vide pulse splitting. In fact, some components of the gener-
(3); therefore, the resulting pulsed beam is a progressive urgted X waves will travel at a velocity sensibly different from

distorted wave traveling at inverse differential vequEyln

the pump wave, and after some propagation length satellite

reported experimental results there is a clear evidence of thikackets may appegsuch as, e.g., those discussed36]).

spectral hyperbolésee, e.g.[56]), as well as of a structured
spectrum[10,47, as that corresponding to the splitting de-

scribed in the following.

There are two relevant limits for Eg47).

As B—0—i.e., the pump travels at the linear group ve-
locity of the medium—andv— -g/2K", it is
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FIG. 3. Normalized energy distributioV vs inverse differential
velocity 8 for two different values of pump velocity determined by
B- () Branch <0 for $=0.01ABp, (b) branchg< g<2App for
B=0.01ABp, (c) as in(a) with B=0.5A8p, and(d) as in(b) with
B=0.5A8p. All quantities are dimensionless.

4Kz B — B )
—= B[P\ 5.~ VKK'=~
kr/ B[ ]< 2kl!’ N 2k/l

Equation (48) shows that only the portion of the pump
spectrum laying on the X spectrum—i.e., on the like

2
o(=B). (48

€B—>

=—\kK'o—contributes to the energy of the generated beam.
The propagation filters out all of the spectral component

that do not belong to an X wave.

The other relevant limit corresponds to a pump velocity
largely different from the linear group velocity of the me-

dium: | 8| — 0. From a physical point of view, the nonlinear

interaction is strongly hampered by the generated bea

which rapidly gets separated from the pump, producing
typical “Cerenkov emission” halo. From E@47) it is (a
—=pIK’)

87°k| 8|z

k']

B[P](O,—\’Wg)

2
5B — O(—B). (49

PHYSICAL REVIEW E 70, 046613(2004)

In the casquo (source traveling at the linear group ve-
locity at wg) the energy distribution function, after E@L7),

is
B )
eXP(‘ 0o(= B),
ABR
showing that the generated spectrum encompasses slash X

waves faster than the sour¢8<<0) and spreads in velocity
with the characteristic value

_ An’Bikz

B k// (5 1)

V3] R B S (52
Pl a)?Aw?  AK'AKE |

such that the more the source is spectrélyspace or timg

narrow, the more “ideal(i.e., unspreading\ B small) is the

generated X-wave packet.

In the caseB+ 0 the situation is more complicated. From
Egs.(47) and(50), it is £4=0 whena() <0, while for other

values ofp,
p[_ } '
with gp=KkAB3/K'AK,

(53
In Fig. 3, | show an example of the application of Eq.
(53), by reporting the normalized energy distributiohf
=EK'14m°Bikz. The pump beam, withw, such that the

B2 - ap(BB - D)

4m3B%kz 82 - 288
_ oKz~ -2 ox /
ABp

K (g-pp2

BZ
(B-B)?

é/vavelength is\g=1 um, is chosen withAwp=27/At, with

At=500 fs, andAkp=A6ky with A6=0.1 rad. For the me-
dium parametersiy=2k’ =c/ny,k"=360x 1028 >/m. As a
result, 8,=10"2s/m, with a velocity bandwidtrEA,prg
=10 m/s, andg,=10".

In Figs. 3a) and 3b), the two branches are displayed for

;E:O.OJABP, corresponding to a pump beam velocity \¢§

=0.499 99@. In this case, the energy distribution tends to

that at =0, and no pulse splitting is expectéthe two
branches are almost contigugus

__In Figs. 3c) and 3d), the two branches are shown for
B=0.5A8p, corresponding to a pump beam velocity \&f
=0.499 966. Two distinct lobes are present, with the most

For large| 8| the X-wave generation is strongly inhibited, and energetic peaked around=-28. In this case a satellite

exclusively the on-axis spatiotemporal spectrum plays a rolex.yave packet is expected to separate from the pump beam

Only the branch3<0 is relevant in this limit. Furthermore, i propagation.

because of the factdp), the energy distribution is expected  The X wave will in general split for sufficiently long

to be peaked at some valye<0, as shown below. propagation, following the peaks &f. At higher orders the

resulting packets will become new sources for the perturba-

tion equation, and additional splitting will appear, consis-
It is instructive to examine an example, by assuming aently with the numerical resultsee, e.g.[35,45).

Gaussian line shape for the source: This is expected in second-harmonic generation, initially

B. Example: Gaussian pump beam

) K w2 considered iff15], whereﬁis the temporal walk-off between
B[P](k,,w) = Baexp - A AuZ) (50)  the two harmonicsgdetails will be given elsewheyeas well
P P

as in dispersive propagation, as describefBBj, and inves-
such thatBZ measures the pump beam fluence, andy  tigated experimentally irf46]. The spectral widening can
and Akp provide the on-axis temporal and spatial spectrajndeed provide sources traveling at a group velocity different
respectively. from that atwy(1/k’).
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In Fig. 3 note the difference in the vertical scale between Q= X[|APA* ]e—i(a+B/k")ﬁz
panels(a),(b) and (c),(d). In all cases the pump velocity is

about 1k’, showing that the mismatch between the pump _ -
and the linear group velocities af, drastically affects the =ka | K(e,@)X(ay, f1,29X(a2 52:2)
generated X-wave spectrum. .
With regards to the efficiency of X-wave generation, in XX(ag,B3,2)* dlat as—ar— ap

the case3=0, by integrating Eq(48) it is found +(B+ Ba— Br- B)IK'1O(a, B, &,,é,z)d&d,é, (59)

27" Bk ith & 3

€= WTOZAIBP:4W7/ZBS|(Z Avp _ (54 With a=(ay,a5,03), B=(B1, 2,3 58]
@p
1+ g — —
AK3 K(a,ay, an,a3) = f Jo(VKK' ar ) Jo(VKK' aqr) Jo(VKK aor)

The energy grows withA Bp—i.e., with the spatiotemporal ° i
spectrum of the pump. After Eq54) one finds that, for a X Jo(VKK' agr)r dr (60)

wide spatial spectrungi.e., large Akp, corresponding to a d
tightly focused pump beamthe efficiency is mainly deter- an

mined by the on-axis temporal spectrum. Conversely, for g = expli[— (a+ BIK") B + (ay + ByIK") By + (arp + BolK") By
large on-axis spectrumwp, the energy of the generated X ,

wave grows withAkp. = (az+ Ba/K") B3]2}. (61)

The other relevant limit i > ApBp, such that the resulting A remarkable result is obtained if the solution of E§8)
energy distribution is solely determined by the bragchiO,  is approximated by an X-wave packet which, in order to

and it is avoid unnecessary complexities, is centered around the me-
23 B22AK2 dium group velocity—i.e.,8=0. This is standard in usual
g=—"3"" (55) coupled mode theorfp9]; in the present case a “mode” is an
B X-shaped 3D wave packet.

- . . . . As discussed below, i is sufficiently small, it is possible
Thus the efficiency is mainly affected by the spatial proflleto take @=1 in Eq. (59); in this regime, | writeX(a, 8)

of the pump beam and it goes like B}, consistently with =f(a)C(B) in order to represent the nonlinear modulation

Eq. (49). (with envelopeC) of an X wave. For definiteness, | consider
f=f, wherefp(oiis the spectrum of a basis X wave.dfis
V. HIGHLY NONLINEAR REGIME: AN EFFECTIVE 1D peaked around3=0, all components travel nearly at the
NLS EQUATION same velocity and® = 1. Multiplying by 47?f,(a)/ka and
Even when using some working hypotheses, it is poss:ibl«’;ntegratIng overa, from Eq.(58) one obtains
to deepen the previous study and consider the highly nonlin- B

ear regime. | will consider the multidimensional Schrodinger  19,C(B8,2) - ——,C(B,2) + kn, f X(B+B1—Bo— B3)
equation 2K Mo

X C(B1)C(B,)C(B3)*dB=0, (62)

k!l
2 with the interaction kernel

; o 1. Ko 20 _
idzA+ ik’ drA+ Z(VX)A— — oA+ n_0|A| A=0. (56)
This may provide the correct trend observed in the experi-

ments, including quadratic nonlinearity in certain regimes X(y):4ﬂ2fK(a,al,az,as)f(a)f(al)
(see, e.g.[57]) as long as envelope shocksee[45]) or

higher-order phenomena such as plasma formation play a y

negligible role. Xf(az)*f(ag)*é(a+ a1—ap,—ag+ @)d&.
Writing A as a X-wave expansion0<a<e« and

-0 < B< ), (63)

i ) , Equation(62) is a Zakharov equation, and taking the Fou-
A= f X(a, 3,2)Jp(VKK'ar)e @FNFAdadp,  (57)  rier transform ofC [see Eq(32)] one obtains the 1D nonlin-
ear Schrddinger equation:
and taking the Fourier-Bessel transform of Eg6), evalu-

ated atk,=\kK'a, and w=a+B/K’, the coupled X-wave i(?_c + K@ + k—n20(3)|c|2C: 0. (64)
equationsare derived: 9z 298 g

) B? kn, Hencethe evolution of an X-wave packet in a nonlinear Kerr
10X(e.8.2) = 5 5 X(@.,2) + —=Q(a,$,2)=0. (58)  medium can be approximated by an effectivelD nonlin-
0 ear Schrodinger equation with a nonhomogeneous nonlin-
The nonlinear polarization is earity. The latter, given byo(s) with dimensions of an in-
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verse area, is expressed by the Fourier transform of thundamental X waves decays as ex@A) (thus, roughly,

interaction kernely: a<1/A), the validity of this approximation leads to a con-
w strained maximization of. After a simple analysis, it must
a(s) = 47K’ f x(7)€7¥dy. (65) be
- z< . z (79
After some algebra it can be written as max(6) ~
* (o while, if 1/A<28B/K’, the soliton regime
o(s) = |2VK )P |*r dr, (66)
0 1 1 8 K’
—=2808\ -+, |t (75
which is the spatial overlap of the component X-wave profile 2 A K 2A
at p=0, with and, if 1/A>28B/K", the chirp regime
- — 1 44
(P;p) - (PEP)(r'S) - f fp(a)JO(v’kK’ar)e_'”‘sda. (67) —_= —B (76)
0 zx A
Taking for ¢ a solution of Eq.(64) and C its Fourier ~As expected, the smalleig, the largerz.
transform according to Eq32), A reads The above can be recast in a much simpler and more

insightful formulation by introducing the dispersidh s
A= v+ :f p) and the diffraction(Lg) lengths.
JC(B,Z)l/// (rt-pzAdB= | c(s,2¢P(r t,;s2ds, If To=k"/258 is thes width of ¢, which in general does
(68) not correspond to the on-axis temporal duration of the pulsed
beam(this holds approximately only in the soliton regime;

with see EQ(7D)], it is Lysp=7 5/K"
If Wo=1/Ak, is the beam waist at the center of the pulse,
g}p)(r,t, s,2) = i_ f e—i(s+t>ﬁ/k”+i(ﬁzlld’>z¢;p>(r,t - B2)dB. with Ak, the spatial spectrum, by the general properties of X
VK waves it is(a<1/A)Wy=A/ kK" and Ly =kWs.
(69) When A is much smaller thaffy, the X wave dominates

the whole spatiotemporal beam profile; thistlie chirp re-
gfp) can be considered the basis for the wavelet transforngime. Conversely, wherZ,<A, the soliton regimeis at-
of A with respect to the on-axis temporal variahg0]. If ~ tained. In this case, the on-axis temporal duration is also
®=1, the spreading due to the different velocities of theaffected by the envelopg while the X wave mainly deter-
component X waveRgiven by the quadratic terms jgiin the  mines the spatial profilgsee Eq(71)].
exponential in Eq(69)], is negligible andé can be approxi- For instance, assuming to be in the soliton regifas
mated by its value at=0, witnessed by nontrivial nonlinear dynamjicsaking a beam

) — Ap) S ) waist of Wy=50 um and an on-axis temporal duratidf
gP(rts2 = g7(r,t,50 = 2mk At+9)g (.Y, (70 =200fs it isz,=8 cm; takingny=2, k"=360x 10728 s?>/m,

and Eq.(68) becomes and Ap=500 nm, a value far beyond the propagation dis-
_ tances reported in experimerijtg 46|, zx is typically of the
A= 2mK'c(-1,2)@P(r,1). (71)  order of the smallest between;,, andL gy, because it mea-

The 3D+1 nonlinear evolution proble(86) reduces, un- sures the distar]ce .af_ter which the X-wave packet starts to

der suitable approximations, to a 1+1D modéd). In 'the spread' due to its flnlte energy. Therefore one expects the

following | will address the h,ypotheses leading td this resultappro_xma’gons Ieadmg to the 1D NLS model HG4) to

and to its straightforward conseguences remain v_alld at I_east in t_he early stages of the dynamics, a
' few centimeters in experiments. Wherincreases, the non-

linear response gets reduced because of the sliding between

the component X waves, and the propagation becomes in

VI. CONDITIONS FOR OBSERVING SOLITONS essence the linear evolution of the generated X-wave pattern.

Equation(64) is valid as far a® =1 in Eq.(59). Writing Once the validity of Eq(64) is ascertained, the corre-
_ sponding nonlinear dynamics is determined by considering
0 =expifz), (72)  the theeffective nonlinear length . =ny/[kn,a(0)c3], with
with co=|c(s=0,z=0)|%, which relates to the input peak intensity,
“yge . . . . 2
omitting inessential numerical factors, B§=ZoW; (i.e., ¢
0=(aq+ B1/K") By + (ap+ BolK") B, = (a+ BIK") B is approximately given by the peak power; see bgldwthe
" definition of Ly, the value ofo(s) is considered at=0,
— (az+ Ba/K") B, 73 NL :
(a5 + Bo/K)Bs 73 pecause prominent nonlinear effects are expected near the
it must be|f|z<1. peak of the pulsed beam.
0 is a quadratic function of’s; if §8>0 is the velocity The depth of focus of the progressive undistorted wave is

bandwidth(B<|88|) and observing that the spectrum of the such that the on-axis intensity keeps constant in propagation,
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thus enhancing nonlinear effects. This is quite similar to the
nonlinear dynamics of guided modes, where the tightly con-
fined light may favor nonlinear phenomena.

When the temporal duratiorf, of the envelopec is
smaller than the duration of the modulated X wave, approxi-
mately A, as far asl s> Ly, the nonlinearity will mainly
play as a self-phase modulation. Whegg,=Ly, the so-
calledN=1 fundamental soliton solutiojwith a sech profile
for c andN the number of eigenvalues in the inverse scatter-
ing problem of Eq(64), with o(s) — ¢(0)] is attained. How- 0 ‘
ever, it can be readily seen thhgs,> 2z« (in the previous -2 -1 0
exampleLgs,=1 m); hence, the X-wave dynamics domi- s/A
nate_s the dispersion. Even I_fMi:l_sollton emerges, It es- FIG. 4. Nonlinearity profile induced by the spatial overlap of the
sentially behaves as a nondispersing nondiffracting X waveg,,qamental X wave.

The situation can be completely different when the peak

ower increases a reduces. In this case the parameter L . .
P L P temporal dynamics is dominated by tbheenvelope(i.e., the

N, given by VLgsp/ Ly, becomes greater than unity, and g . : .
hence higher-order solitons and breathers are foreseen. Th%%/?tggrg;ﬁgt_h ofc is smaller thamd), it can be approxi

will be discussed below.

8kK’ 1
VIl. FUNDAMENTAL X WAVE AND FUNDAMENTAL a(0) = Az = W (80)
SOLITON 0

Under suitable conditions, satisfied in the early stages O;J'he last relation stems from the fact that the spatial spectrum

propagation, the nonlinear dynamics of an X wave in a Kert> Aktl) = 1/WOE. VKF’(A‘ Th.?t effective NLS equation can
medium can be described by the 1D nonlinear Schr(jdingetlhus € approximately rewritten as

equation with a nonuniform nonlinearity profitg(s), deter- dc .\ K’ #c s kn,

mined by the spatialself-)overlap of the progressive undis- Lt S 2t 2

torted nge. patiaseln P P 7z 298 Vg
As | have shown earlier, the whole X-wave space isso that the effective nonlinear coefficient has an additional

spanned by the fundamental X waves. The fundamentdhctor, roughly given by DA (or equivalentlyAk? ), if com-

X-shaped profile, integrable with respectrtand typically  pared to the plane-wave value. This shows the compensation

observed in simulations and experiments, is givenf i) of diffraction owing to the X waves, which behave as

=(Vk/ m)Aa exp(-Aa) [see Eq(27)]. | will consider the ef- “modes of free spaced(s) resembles the mode overlap in a
fective 1D NLS equation with such spectrum. It can be foundwaveguide and the corresponding support to the nonlinear

Icj%c=0, (81)

that response along propagation. This holds valid as long as
<z.—i.e., as long as the nonlinearity is not averaged out by
|04 = keA® (S°+A%? the “sliding” of the X waves.
! 7t [(+ A%+ (KK'r?)? = 2(s* — AD)KK'r?]®’ The fundamental solitofiwhen o(s)= o(0)] can be ex-

(77) pressed in terms of the peaﬁ of the energy distribution
function; it reads

which gives 5
coknpo (0
- 8K <S> 78 A:f Cﬁecr( V%ng()s)
G(S)—sAz oA/ (78) 0 0
.C loa
f,, plotted in Fig. 4 and such th&£(0)=1, can be evaluated XEXD{I%Z] g0(r,t,2,9ds, (82
either numerically or analytically. In the latter case it can be 0
expressed af5l] which, using Egs(71) and(80), can be approximated by
5 | au(p?-)@+1442+3uY -, = y< cakn, ) p<.Cc2)kn2)
f ()= +3i(1+ A=2m/K'c, sec tlexp i——=z | O(r,t).
(=i + p)? 83
x{ln(——)—ln<|—>—ln(l( 1+ ) 83
2u 2p 2p As anticipated, from the expressioncp)ff)), the peak intensity
i(i + w)? T, relates tocy by c3=ZoW3 (omitting inessential factoys
In| - 20 : (79) Equations(82) and (83) show the “dressing” mechanism

associated with the nonlinearity: the latter acts only on the
Therefore,o(s) is a bell-shaped function. Observing that shape of the envelope which, even in the linear limit, would
its spatial extension is of the order af when the on-axis travel almost undistorte@s far az<zy). Since this analysis
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can be repeated for any X wave, nonlinear X waves are not 1
numerable families of solutiondike multidimensional soli-
tary waves$, but have the same “cardinality” of the “space”
of linear X waves.

Conversely, in spite of this remarkable difference with
solitary waves, thgapproximatg validity of an integrable
model such as Eq81) seems to establish a strong link with
solitons. Clearly this analysis is far from being a rigorous
settlement of this conclusion, but could stimulate further re-
search. In the following section, | will discuss some addi-
tional consequences of Eq®4) and (81), pointing out the 1 ,
nontrivial nonlinear dynamics of X waves. -2 -1

0
s/A
VIII. NONLINEARLY CHIRPED X WAVES
AND COMPRESSION FIG. 5. Instantaneous frequency corresponding to X-wave self-
overlap in Fig. 4.
The fundamental X wave and fundamental soliton dis-
cussed above are of limited physical interest, because their Thus, taking the whole process of pulse splitting and ad-
invariant propagatioln is already “embeddgd" in their '_i”earmitting that an X wave is formed in the initial stagas in
counterpart. IfC(8) is a very narrow function or, equiva- 33)) ‘the origin of the spectral splitting can be attributed to
lently, the s width 7, of c(s,2) is much wider tham, the  gelf.phase modulation of an X wave. Nonlinear processes are
on-axis profile of the 3D beam is mainly determined by thetherefore well suited for generating chirped X waves, such as

X wave. This has been indicated as tttérp regime. those recently addressed [i3].
In Eqg. (64) the second derivative can be neglected, and
the solution is essentially self-phase modulation IX. SPLITTING AND REPLENISHMENT IN KERR MEDIA
K AS A HIGHER-ORDER SOLITON
K
c(s,2) :AoeXP{IH—OU(S)AgZ}- (84) While the fundamental soliton and the chirp provide the

simplest corollaries of Eq64), the self-trapped behavior of
Proceeding as before E@4) yields the approximataonlin-  the 3D beam is fundamentally due to the X shape. More
early chirped basis X wave interesting dynamics can be described referring to multisoli-
- . ton solutions(obviously in the soliton regimg The N>1
_ N,z . . L o
A=2mk —0<p(p>(r,t)ex Rl f.]. (85 sollton_s[62] are_natural concepts in expla_unmg splitting _and
Wo NeZo replenishment, investigated numerically [85] and experi-
) ] ] . mentally in[46]. Noteworthy, breathing linear X waves have
There is a fundamental difference between this type of chirgyeap reporte64,65.
and what is typically considered in fiber propagati@®), Even if the replenishment dynamics has been examined
determined by the temporal power profj#”. Even an ide- \yith reference to water while including additional terms to
alized X wave [corresponding toC(fB) proportional to a  gq (56), the most relevant features are somehow taken into
Dirac & with respect tog and, hence, to a constanf is  account by this “simple” model, with plasma formation and
chirped in a nonlinear medium because of its spatial promﬁhigher-order dispersion playing a perturbative rgR5].
[reflected inf,(s)]. o ~ Highly nonlinear phenomena, such as the shocks considered
Since the earliest work on pulse Spllttlng n norma”y dis- in [45_|, are expected at very h|gh fluences and will be ne-
persive Kerr media, it has been known that, at the initialg|ected hereby.

stages, the on-axis temporal spectrum exhibits a double peak For example, thé\=2 soliton[62] provides the approxi-

[37]. Figure 5 shows the instantaneous frequency matebreathing nonlinear X wave
kn,zdf, k” n z t
w=- —. (86) A= 27— 0 u<_ _) Oy t
nozo dt 7776 knz(T(O) LD’,]E) (P/ ( 1)
For higher-order basis X waves, more complicated spectral 2k'Wo [ng [z t A(t+iA)
modulations can be expected. It is natural to identify the =- T n_2 (L_D’E))[(HiA)z—kK’rz]yz’

origin of this spectral splitting as a consequence of the self-
phase modulation considered here. It is also well stated that a (87)
chirped pulse may compress when propagating under anoma-

lous dispersion. With reference to the two frequencies at thc\-ﬂv'th
peaks.in Fig. 5 they propagate according to Egf) with _ _ cosh(37) + 3 exf4i&)cosh(7) .

opposite velocities, such that the pulse gets compressed in  U(£7) _4cosr(4r) +4 costizn) + 3 co:{4§)el . (88

the temporal domain. In the pulse splitting considered in

[37], on-axis temporal compression immediately follows the Figure 6 shows a typical spatiotemporal profile obtained
spectral splitting. after Eq.(87). The periodic depletion and replenishment of
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origin, such as two-photon absorptjoar simply that, for
ey large propagation distances, the nonlinear response average
out due to the sliding between components of the finite-
energy X-wave packet.

X. CONCLUSIONS

/ Progressive undistorted waves, a generalization of the
/ nonmonochromatic realm of self-invariant beams, seem to
emerge as a valuable tool in numerous fields of applied re-
<& . search, from telecommunications to biophysissipported

by the recent experiments in watefheir natural appearance
- in nonlinear processes, analyzed hereby in the optical do-
7( main but also available in acoustics as well as in Bose-
Einstein condensation, can be considered a fundamental re-
. sult. The formation of X waves during frequency generation
time t . . . 2. .
(arb. units) appears as natural as the use of their paradigm in interpreting
3D+1 nonlinear dynamics.
While X waves are known to carry infinite energy, and
transversal coordinate X their superposition has been previously employed to build
(arb. units) finite-energy solutions, in this paper | have attempted to es-
tablish a general—albeit preliminary—theoretical framework
FIG. 6. (Color onling Typical spatiotemporal profileaty=0) of  for the extension of this approach to the nonlinear case.
a breathing X wave. Two isosurfaces are displayed: the darkest The various Steps of a basic nonlinear process, such as
corresponds to higher intensity. pulse splitting in normally dispersive media, can be revisited
in terms of X-wave nonlinear dynamics: from the initial
the X-shaped distribution is apparent. In propagation, theulse compression to splitting and replenishment. The results
two-soliton, or breather, solution pulsates and the beamdpen the way to the investigation of elastic collisions be-
evolves retaining most of its energy localized, but exhibitingtween nonlinear X waves, as well as to establishing a link
the nontrivial nonlinear dynamics of the X wave. The gen-with parametric solitary waves in quadratic media.
eration of a breather can also be thought at the origin of According to standard textbooks, a solit@r a bullej is
splitting in the first stages of propagation. It is also notice-a nonperturbative solution of a nonlinear wave equation. In
able that higher-order solitons exhibit the spectral splittingthis sense, the nondispersive and nondiffracting wave pack-
typically described in numerical simulations. ets analyzed here cannot be considered solitons, because they
Before concluding, it is fruitful to summarize the picture exist even when a nonlinear susceptibility lacks. Neverthe-
of the splitting and replenishment phenomenon. At the betess, an intriguing connection between progressive undis-
ginning a wide bell-shaped pulsed beam evolves into an Xorted waves and solitons seems to be at the inner stem of
wave, owing to the spatiotemporal pattern formation ofnumerically and experimentally investigated phenomena. In

X-wave instability [33]. Then, an effective anomalous dis- this respect nonlinear X waves can be considered a sort of
persion is experienced by the envelope of the finite-energghimeraof modern nonlinear physics.

X-wave packet, and thehirp regimeis entered with spectral

splitting and on-axis compression. Once the envelope width ACKNOWLEDGMENTS

is sufficiently reduced, theoliton regimestarts, and the in-

creased intensity through compression feeds the generation | am indebted to Professor G. AssaritdOOEL) for the

of a higher-order soliton, or breather. After some spatiotemfruitful discussions and for a critical revision and with Pro-
poral oscillations, several mechanisms may intervene to stofessor S. Trillo(University of Ferrarafor his interest in this
the periodic behavior, e.g., lossésventually of nonlinear work.
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